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Abstract 

We give sufficient conditions for the naturallity of the exterior differential under 
Sobolev mappings. In other words we study the validity of the equation df*a = f* da 
for a smooth form a and a Sobolev map /. The main results of the paper are Theorems 
Ml and [m 
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1 Introduction 

One of the main properties of calculus with differential forms is the naturallity of the exterior 
derivative, that is the fact that for any smooth map f : U ^ M", where [/ is a bounded 
domain in M™, and any smooth differential form a in M", we have 

df*a = f*da. (1.1) 

Note that this equation is just an avatar of the chain rule; its proof can be found in any 
textbook on differential forms. 

For applications in the calculus of variation, non linear elasticity or geometric analysis, it is 
important to extend this result to non smooth situations. If the map / is smooth and a is 
a Sobolev differential form, then the pull back f*a is also a locally Sobolev differential form 
and the naturality (jl.ip can be proved by standard arguments. If both the differential form 
a and the map / belong to W^^^, then the problem is not well posed and it is not clear under 
what conditions, should the equation (jl.ip make sense and be proved. 

If the differential form a is smooth, then the situation is better and it is our goal in this paper 
to give sufficient condition for a Sobolev map f : U ^ M" to satisfy the naturality of the 
exterior derivative for smooth forms. Our main results are Theorem 16.31 and Theorem 17. 1[ 
As consequences of these theorem, we can formulate the following special results (corollaries 
ElandEl: 



• Let U be a bounded domain in M"^ and f € W^'^^^{U,W^). Then the chain rule holds 
for any smooth k-forms a on M". 



Suppose that f € W^'''{U,M.'^). If all the kxk minors of the Jacobian matrix y^^J belong 
to the space L^/'^^~'^\U), then the chain rule holds for any smooth k-forms a on M™. 
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Remarks 1.) The first results says in particular that if / € W^''^{U,W^), then the naturality 
(jl.ip holds for a smooth form of any degree. See [1] for more on this case. 

2. ) The case A; = n — 1 of the second result has been studied by J. Ball and V. Sverak [HE]. 
In this special case, this result has also been improved in by S. Miiller, T. Qi and B.S. Yan. 
These authors proved in [5] that this result is also true for A; = n — 1, / E W^''^~^{U;M."') and 
|A'^(/)| G L'^{U) for some q>n/{n — \) (instead of q > p/{p — 1)). See also page 256] for 
another proof of this result in the context of the theory of Cartesian currents. 

3. ) For convenience, we formulate our results for maps from a bounded domain into euclidean 
space. However, the chain rule (jl.ip is a local formula and our results also apply to the case 
of mappings between smooth manifolds. 

2 Measurable differential forms 

Let U C be a domain in m-dimensional euclidean space. A measurable differential form 
of degree A; in [/ is a measurable function 9 : U A*^(]R™). If xi, X2, . . . , is a system of 
smooth coordinates in U, then any measurable differential /c-form writes as 

— ^ ^ 1^1112. ..ij^i^X^dXi-^ A dXi2 A dXij^^ 
ii<i2<---<ik 

where the coefficients hi-^i^^^^i^^ are measurable functions on U. The form 9 belongs to L^^U, A'^) 
if hi^i2...ih ^ L'P{U) for all multiindices iii2 ■ ■ - ik and similarly 9 € C^'{U,K^) if all hi^i2,,,i^ G 
C^{U). If the coefficients vanish outside a compact subset of U, then one writes 9 G Cq{U, A^). 

Any A;-form 9 G LP{U, A^') defines a continuous linear form on the space uj G Cq{U, A™"'^) by 
the following formula: 

{9,uj) = [ 9 ALU. 
Ju 

Definition 2.1. A sequence {9j} c L\U,A'') is said to converge weakly to 9 e L\U,A^) if 
and only if for every lo G Cq{U, A''^~^), we have 

/ 9j Auj ^ / 9 Alo. 
Ju Ju 

It is clear that strong convergence in implies weak convergence. The converse is not true. 

Definition 2.2. Let 9 G L\^JJJ^A^) he a k—form. If there exists a {k + l)—form ip G 
L\^^{M , A^'^^) for which the equality 

[ 9AduJ = / V Aw 

Ju Ju 

holds for any uj G Cq (C/, A™"''^-'^), then ijj is called the weak exterior derivative of 9 (or 
the exterior derivative of 9 in the sense of currents ) and is denoted by ijj = d9. The form 
9 G L\^^{M,A^) is weakly closed if d9 = in the weak sense, that is if 

/ 9 A did = 
Ju 

holds for any lo G C^{U, A"'-''-'^). 
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Lemma 2.1. Let a G L\^^{U,K^) and (3 € L\^^{U ^ K'^^^) . If there exists a sequence {uj} C 
C^(?7, A*^) such that aj — > a and daj — > /? weakly, then da = P in the weak sense. 

Proof For any cu G Cq (f/, A™~'^~^), we have 

/ aAda;= lim / aj A dio = (-1)''^^ / daj A lo = (-1)''^^ PAlo. 
Ju j"*°^Ju JU Ju 

□ 

Lemma 2.2. Leth:U^Rbea bounded function such that dh G L^' (W^) and (3 G LP{U,A'') 
such that dp G L°°(C/, A'^) where p' = p/{p - 1). Then h- p £ LP{U, A'^) and 

d{h-P)=dhAP + h-dp. (2.1) 

Proof The equation (j2.ip is classic for smooth forms. Use now the density of smooth forms 
in LP and the Holder inequality to obtain the equality ()2.1I) in the general case. 

□ 



3 Sobolev mappings 

Definition A map f : U ^ M" is said to be bounded if f{U) C M" is relatively compact. 
It belongs to W^'P{U,W^) if all its component (/i,/2, ■ ■ ■ ,/n) belong to the Sobolev space 

Given a map / G W^'P{U,W^), one defines the pullback of a smooth differential form a G 
C^(]R", A'^) by the following formula: if 

a= ^ ai^i2-ikiy)dyii A dyi^ A dyi^, 

il<i2<---<ik 

then 

f*a = AV(a) = Yl aiih-hifi^)) dfh A df,^ A dfi^, 

h<i2<---<ik 

where 




Clearly, f*a is a differential form with measurable coefficients in U for any a G C"'^(M", A^'). 

Let us denote by Df{x) the formal Jacobian matrix of / at the point x £ U. This is the 
n X m matrix whose entries are the partial derivatives of /: 

"'-my 

it is defined almost everywhere in U. 
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The pullback operator f is represented by the matrix oikxk minor determinants of Df{x). 
Indeed we have by hnear algebra 

AV(rfyn A A • • • A = J] ^^hlAlllllIl>ldx,, A dx,, A • • • A dx,^, 
where we have used the old fashioned but convenient notation ^, ''^ n to denote the 

a<yXj-^,Xj^,...,Xj^] 

entries of the k x k minor determinant of Df. 
We will use the following norm for A^f: 

d{fii 5 fi2 1 • • • 5 /ifc ) 



|A /I = max 



d{xjj , ) • • • 1 ^jfe) 

where the max is taken over all ordered A;-tuple ii < ■ ■ < ik] ji < J2; • ' ' < jk- Observe 
that 

|A/'=(a)|<|AV||«| (3.1) 
Observe finally that the map / 1— s- A^'/ is non linear for k > 2. 

4 The class J^^'(^,R'^) 

Definition Let us denote by ^^(C/, M") the class of maps f : U —>■ M" defined as follow: 

/ G /■'=(C/,M") ^ f £W^'\U,W) and A'' if) eL\U). 

This definition is motivated by the obvious fact that for any map / G J^^(C/,M"), the pull 
back a 1— > f*a defines a bounded operator 

^kj ^ J* . A^') ^ L^{U,A^). 

Observe that the J^^(C/,M") = W^'^{U,W^) and that T^{U,W^) is not a vector space for 
2<k<m. 

We denote by r'^ the initial topology on J^^{U,W^) induced by the inclusion J^^{U,W'') C 
W'^'^{U,W^) and the family of functions 

Ju 

where a G C"'^(M",A^') and uj G Cq(?7, A™~'^). In other words is the coarsest topology for 
which the inclusion jr^'(C/, M") C W^'^{U,W^) is continuous, as well as all functions Aq,^^;. 

Observe that if a sequence fj G J-^{U,W^) converges to a map / in the topology , then 
f^a converges weakly to f*a by definition. 

An explicit sufficient condition for the r '^'-convergence in J^^{U, M") is given in the next result: 

Lemma 4.1. Let {fj} C W^''^{U,W^) be a sequence of mappings which converges to a map 
f G T^{U,W) in the W^^^ -topology. A ssume that {|A*^/j|} is equi-integrable, i.e. there exists 
a function w G L^{U,M.) such that lA^'fj] < w{x) a.e. x & U for any j G N. Then fj fin 
the topology. 
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Proof Let a S C^(M",A'^) be an arbitrary smooth /c-form on and u) G Cq(C/, A™ '^). 
Since /j — > / in l^^'"*^, we have 

Hm ^|JJ = hm {t&f^)a Alo = f*a A cj 

almost everywhere. Furthermore, we have at every point x € f/ 

|(/;a)x. A^^l < |A'=/,(x)| |a,| \e^\ < Q ■ \A''fj{x)\ < Q ■ w{x) 

for some constant Q. Because w € L^([/, M), the Lebesgue dominated convergence theorem 
imphes that 

hm / {f*a)Auj= [ {ra)Auj. (4.1) 

□ 

Proposition 4.2. Let f e W^'^{U,M.'^) be a map such that 

a. ) The m- dimensional Hausdorff measure of the image f{U) C M" is finite; 

b. ) f has essentiahy finite multipHcity , i.e. if there exists a constant Q < oo and a set 

E C U with measure zero such that for every point y € M", 

Card{a; eU\E\ f{x) =y}<Q. 

Then f € T'"'{U,W). 

This proposition apphes e.g. if / is a homeomorphism onto a bounded domain. 
Proof In that case, |A^'(/)I belongs to by the area formula (see e.g. [21 page 220]). 

□ 

Remark In [21 page 229], Giaquinta introduce a class of maps Ai{U, M") which is very similar 
to our class .F™'(C/, M"') (where m = dim(C/)). The main diff'erence is that the condition 
/ € W^'^{U,W^') is relaxed to the assumption that / is approximately differentiable almost 
everywhere. In any case, we have a continuous embedding 

W^'\U,W) C ^i(C/,M"). 

5 fc-stable maps in R*^) 

Definition A map / G T^{U, M") is said to be k-stable if it belongs to the closure of C^{U, M") 
in the topology, i.e. there exists a sequence of smooth maps converging to / in the r'^' 
topology. We denote by 5^([/,M") C ^^'^(C/, M") the set of /c-stable maps : 

observe that W^'''{U,M:'') C S''{U,R''). 

The pullback of a closed form by a stable map is again a closed form: 

Proposition 5.1. Let f G S''{U,W) be k-stable map and a G C^(M",A'=). // a is closed, 
then f*a is weakly closed. 
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Proof Because / € S^^UjM."'), there exists a sequence {fj} of smooth maps converging to / 
in the r'^-topology. Assume that da = 0, then for any cf) G Cq{U, A'"^~''~^) we have 



{f*a) Ad4>= / d{f*a) A<P= / f*{da) A = 0. 

u Ju Ju 



We thus have 



/ if a) Ad(j)= Um / {f*a) Ad(j) = 0, (5.1) 



for any (j) € Cq{U^K"'' ). This means that /*a is weakly closed. 



Proposition 5.2. Let f G W ' {UjEJ^) be a map such that 



□ 



^sup lA*^/, !^ (ix < oo, 



inf 

where the infimum is taken over the set of all sequences {fj} of smooth maps such that 
^0. Then f eSHU,Rn- 

Proof By mollification, we know that the set sequences {fj} of smooth maps such that 
Wfj — /llvKi'i — > is not empty. We can then apply Lemma ITTl 

□ 



6 /c^-stable maps 

Definition 6.1. We define the space J'''\u,W^) by 

' r'{U,W) ifk = n, 

The T^'' topology is defined for k < n to be the initial topoply for which both inclusions 

{U, M") C .F'^ ([/, M") and {U, M") C J^''+\U, 

are continuous. For k = n, we simply define t^'' = . 

We then say that a map f : U ^ is k"^ -stable if it belongs to the closure of C^(f7, M") in 
the space T^'' {U,M."-) for the r'^^ topology. 

Observe the following elementary 

Lemma 6.1. A map f : U —>■ M" is k'^ -stable if and only if there exists a sequence {fj} C 
C^{U, M") of smooth maps which weakly converges to f in both spaces J-^{U, MJ^) and J-''~^^{U, M. 

□ 
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Proposition 6.2. Let f S W ' {U,W^) be a map such that for some k < n, 



inf / ( sup(|AVil + lA'^+Vfel) ) dx < oo, 
[fj}Ju \ j J 



where the infimum is taken over all sequences {/_,} of smooth maps such that \\fj — f\\w^-^ ~^ 
0. Then f G S''\u,W). 

Proof This follows directly from Proposition 15.21 and the previous lemma. 

□ 

One can rephrase this Proposition as follow. Let / G VK^'^(J7, M"), and assume that there 
exists a sequence of smooth maps{/j} C C^{U,W^) and a function w G L^{U,W) such that 

\A''f,ix)\ + \A'-^'fjix)\<w{x) 

a.e. X G [/ for any j G N. Then / is /c^-stable. 

The naturality of the exterior differential holds for /c^-stable maps: 

Theorem 6.3. Let f G S^\u,W^) be k'^ -stable map, and let a G C^{W,h.^) be a smooth 
k-form in , then f*a G L^{U,hJ'), f*da G A'^+^) and the equation 

df*a = f*da 

holds in the weak sense. 

Proof By hypothesis, there exists a sequence of smooth mappings fj G C^{U,W^) which 
converges to / in T^{U,M.'^) and J^'^+^(C/, R") for both the and r'^"'"^ topologies. 
Let a G C^(M",A'=) be an arbitrary smooth /c-form on and 9 G C(}(C/, A™"*^). By 
hypothesis, we have 



We also have 



lim / (/*q) Ae= {f*a) A 6. (6.1) 
i-»oo Ju Ju 



lim / (/;/?) A / A (6.2) 



for any (3 G C^{W,A^+^) and G Cl{U , K"^-^-^) . 

Let us now choose (3 = da and 9 = dcp, we then have df^a = fjda for any j £ N because 
both a and fj are of class C^, this imples that 



(/;«) A # = (-1)'^+^ / d{f*a) A^= i-ir^' / (//da) A 
c/ Ju Ju 



Applying ()4.ip and (|6.2p one gets then 



{f*a)Ad^= lim / {f*a)A. 
u Ju 



lim (-1)'= / f*{da)A<j) 
Ju 



= {-ir / r(da)A0 

Ju 

for any (/> G Cq{U, A^"^"^), this means precisely that d[f*a) = f*{da) in the weak sense. 



□ 
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Corollary 6.4. Let U be a domain in and f G W^'''~^^{U,W^). Then the naturality U.l]) 
holds for any smooth k- forms a on . 

Proof This follows from the fact that W^^^+^{U,W) C S^\u,W). 

□ 

7 Another class of maps 

We denote by 5^p(C/,M") the class of maps / G S^{U,W) such that 

\df\eLP{U) and \k\f)\eL\U). 
Observe that Slp{U,W) C W^^p{U,W). 

Theorem 7.1. Let f G S^^p{U,W), and assume 1 <p < oo, q = p/{p — 

Let a G Ci(M",A*^) he a smooth k-form in M", then f*a G L^{U,A''), f*da G L'^{U,A''+^) 

and the chain rule 

df*a = f*da 

holds in the weak sense. 

Proof Observe that f*j is weakly closed for any closed fc-form 7 G C^{W^, A^) by Proposition 

EH 

Suppose first that a = a • 7 where 7 G C'^(R"'', A'') is a closed /c— form and that a G C^(M") is 
a function. Then f*a = ao f G and df*a = f*da (see e.g. ^ Theorem 7.8]). Because 

/ G Slp{U,W), we have in fact \df*a\ G ^^(C/) and |/*(7)| < \A''+'^ fj{x)\ ■ \-f\ G Lp'{U). 
Therefore we have by Lemma [ 



df*a = df*{a-^) 
= difa ■ r7) 

= d{f*a)Af*j + {f*a)-{dr2l 

=0 

= d{f*a) A /*7 
= (rda)Ar7 
= r(daA7) 
= f*{da) 

Consider now an arbitrary smooth /c-form on M". It can be written as a sum 

a= ^ «ni2...«fc (^) ^y*! ^^^^2 dyik > 

ji<i2<...<«fc 

where ai^i^,,,i^,{x) is an element in Ci(M"). Since dyi^ A d^jj A ■ ■ ■ dyi^ is a closed (in fact 
exact) form, the proof is complete. 

□ 

Corollary 7.2. Suppose that f G W'^^^iU^W^) and A^{f) G L''/^^~'^\U), then the naturality 
holds for any smooth k- forms a on . 

Proof. The hypothesis imply that / G S^p{U,W) . 

□ 
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